We present a model for the lepton sector, with A 4 horizontalsymmetry group, in which two of the Higgs doublets in an A 4 triplet of Higgs doublets have equal vacuum expectation values. The model makes well-defined predictions for the effective light-neutrino Majorana mass matrix. We show that those predictions are compatible with the experimental data. *
Introduction
Particle physics now boasts an impressive knowledge of the three lightneutrino masses, m 1,2,3 , and of lepton mixing. The latter is parametrized by the mixing matrix 
where c m = cos θ m and s m = sin θ m for m ∈ {12, 13, 23}. That knowledge is summarized in table 1, which is borrowed in abridged form from reference [1] . , the upper (lower) line corresponds to the case of a normal (inverted) neutrino mass spectrum.
Notice that we do not know the absolute mass scale of the neutrinos. We also ignore whether the neutrino mass spectrum is 'normal', i.e. with m 3 > m 1,2 , or 'inverted', i.e. with m 3 < m 1,2 . Finally, we lack much information on the phase δ, which remains essentially free.
Flavour physics would like to find a rationale for these experimental data by imposing 'horizontal' symmetries on the leptonic Lagrangian and by assuming a pattern of (spontaneous or soft) breaking of those symmetries. A review of some achievements in this field can be found in reference [3] . In particular, a horizontal-symmetry group much used in this context has been A 4 [4] , which is the smallest group with a triplet irreducible representation. Models using A 4 [5] usually feature a horizontal-A 4 triplet of scalar 'Higgs' gauge-SU(2) doublets; in that triplet either only one Higgs doublet has nonzero vacuum expectation value (VEV) or all three Higgs doublets have equal VEVs. This paper presents a new model using horizontal-symmetry group A 4 in the lepton sector. The model has the novel feature that in the A 4 triplet of Higgs doublets two of the doublets have equal VEVs (different from the VEV of the third doublet). Subsection 2.3 explains how such a vacuum can come about.
The model that we suggest uses the type-I seesaw mechanism and makes clear-cut predictions. Let the symbol M denote the effective Majorana (hence symmetric) light-neutrino mass matrix in the basis where the charged-lepton mass matrix is diagonal. Then those predictions are
These predictions are invariant under a rephasing of M, i.e. under the transformation
for α, α ′ ∈ {e, µ, τ }. They thus embody four real constraints on M, just as when M has either two vanishing matrix elements [6] or two vanishing minors [7] .
In section 2 we present our model. In section 3 we display its predictions by means of scatter plots for the various observables. A brief summary of our achievements is given in section 4.
The model 2.1 Fields and symmetries
We envisage an extension of the Standard Model, with gauge group SU(2) × U(1), in which there are three right-handed neutrinos ν 1,2,3R and four scalar SU(2) doublets Φ 1,2,3,4 . As usual, there are three left-handed lepton SU(2) doublets D αL and three right-handed charged-lepton SU(2) singlets α R . The quark sector will not be dealt with in this paper, but the model can in principle be extended to accomodate it.
The model has horizontal-symmetry group A 4 . The group A 4 is generated by two transformations, S and T . Those transformations act in the following way:
S :
T :
where ω = exp (2iπ/3). 2 The Higgs doublet Φ 4 and the lepton multiplets D eL and e R are A 4 -invariant. 
Lagrangian
we may choose the phase of α R in such a way that m α is real and positive. The charged-lepton mass matrix is automatically diagonal because of the horizontal symmetry. The Majorana mass terms of the right-handed neutrinos are
where C is the charge-conjugation matrix in Dirac space. Because of the horizontal symmetry, L Maj is proportional to the unit matrix in flavour space. Therefore, the effective light-neutrino Majorana mass matrix following from the type-I seesaw mechanism is simply where M D is the Dirac mass matrix connecting the left-handed to the righthanded neutrinos.
The Yukawa couplings of the right-handed neutrinos are given by
Vacuum
In its particle content and symmetries, hence in its Lagrangian, the present model is almost identical to the one of Hirsch et al. [8] . 4 The two models differ, though, in the assumed form of the vacuum state.
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We write the VEVs as
where the V j are real and positive by definition. Without loss of generality we set ϑ 4 = 0. We furthermore define
Then, the vacuum potential is given by
where
(19) 4 The latter model has one extra right-handed neutrino, invariant under A 4 . 5 In reference [9] a detailed study of the possible vacuum states of a model with three Higgs doublets in an A 4 triplet was performed. However, in our model there is one extra, A 4 -invariant Higgs doublet-Φ 4 . That extra doublet changes things, as we shall soon see, mainly because of the presence in the scalar potential of the extra terms with coefficients λ 9 and λ 10 . As a consequence, the vacuum that we shall employ in this paper does not exist in the model studied in reference [9] .
The equations for vacuum stationarity are cf. equations (21) and (22), (24) and (25). From now on we assume that a symmetry CP is present at the Lagrangian level, which enforces ζ 7 = ζ 8 = ζ 9 = ζ 10 = 0 (remember that λ 7-10 are real and may be either positive or negative). We may then assume that the vacuum has v 2 = v 3 , with
where λ s = λ 9 + λ 10 .
In order to get a feeling for what is at stake, let us consider CP-conserving solutions to equations (26)-(29) with χ 1 = χ 2 = 0. (In our actual fits we shall always use spontaneously CP-breaking solutions; this paragraph should be understood merely as an illustration of the consequences of λ s = 0.) Then, equations (28) and (29) are automatically satisfied while equations (26) and (27) read
(33) 6 Here we depart from reference [10] (see also reference [9] ), in which the Higgs doublet Φ 4 was not present and a solution with χ 2 − χ 1 = χ 1 − χ 3 was uncovered when ζ 7 = 0, π.
There is a solution to equations (30) and (31) with V 1 = V 2 . If and only if λ s = 0, 7 there is also a solution with (in general) V 1 = V 2 ,
Note that λ s = 0 is crucial for the existence of this solution. The presence in the potential of the terms with coefficients λ 9 and λ 10 leads to the existence of stationarity points with V 2 = V 3 = V 1 .
The neutrino mass matrix
We assume that the stationarity point of the scalar potential found in the previous subsection, with v 2 = v 3 , is indeed the global minimum of the potential, 8 i.e. we assume that the vacuum state has
Then, according to equations (9) and (11),
are in general complex and have unrelated phases. The Yukawa couplings a, b, and c must be taken real in equation (37), since we have assumed CP symmetry at the Lagrangian level.
7 One also needs to assume that some combinations of the coefficients have the appropriate signs. 8 In our numerical work we have demonstrated that the stationarity points that we employ are local minima of the potential, i.e. we have checked that all the corresponding scalar squared masses are positive. The demonstration that those local minima are the global minimum of the potential would be much more involved and is outside the scope of the present paper.
The light-neutrino mass matrix in equation (37) obeys the two rephasinginvariant constraints in equations (2) and (3). Another remarkable feature of the matrix in equation (37) is that it preserves its form when it is inverted, i.e. M −1 is of the same form as M and also satisfies the constraints (2) and (3).
Fits
In the basis where the charged-lepton mass matrix is diagonal, the neutrino Majorana mass matrix M is bi-diagonalized by the lepton mixing matrix U:
In our numerical work we have inputted random initial values of the neutrino masses, of the phases χ 21 and χ 31 , and of the parameters of U, within their respective 3σ intervals given in table 1 (parameters which are not in that table were taken free). 9 We computed the matrix M by using equation (40). We have then step-by-step adjusted the input parameters in order to eventually fit the constraints (2) and (3).
For each of the fits thus obtained, we have calculated
and therefrom obtained
We have further inputted random values of V 1 , V 4 , χ 1 , and of the parameters 9 We have also performed a fit of our model to the phenomenological data of reference [2] -with the values given there for the 'new reactor data'-and we have found that our model is compatible with those data with about the same level of stress as the one registered in the fit presented here. 
we have calculated the remaining five parameters of the potential, i.e. λ 5,8,10 and µ 1,2 . We have then computed the neutral and charged-scalar mass matrices at this stationarity point and discarded the point whenever any of the physical scalars displayed a negative squared mass, i.e. we have made sure that the stationarity point is indeed a local minimum of the potential. We have also checked that the correct number of Goldstone bosons is present at each local minimum.
We have discovered that many of the local minima of the potential thus found display low-mass scalars; indeed, all the local minima feature at least one low-mass physical neutral scalar. In order to contain this problem of low-mass scalars, we have discarded any minima in which either a charged scalar or more than one neutral scalar has mass smaller than 100 GeV. The masses were normalized through
In this way we have constructed two sets of points, of approximately 1,800 points each, one of them with normal and the other one with inverted neutrino mass spectra, obeying the constraints (2) and (3) and which are local minima of the scalar potential with all the physical scalars but one having a high mass. These are the points that we next display in various scatter plots. In all figures but for figures 1 and 2, blue (red) points are those with a normal (inverted) neutrino mass spectrum.
We first focus on the predictions of our model for the absolute neutrino mass scale. In figures 1 and 2 we display histograms of the lowest neutrino mass for our sets of points. One sees that the neutrino masses tend to be lower when the mass spectrum is normal; points with an inverted spectrum sometimes display neutrino masses which are almost degenerate, with m 3 ∼ m In figure 3 the phase δ is plotted against the mass term |M ee |; the latter is the quantity relevant for neutrinoless double-β decay. One sees once again that points with an inverted spectrum display higher masses-|M ee | is there typically 0.02 eV but it is much lower for points with normal neutrino spectra. In our model there is no prediction for δ in the case of a normal spectrum, while |sin δ| < ∼ 0.5 when the neutrino mass spectrum is inverted. Figure 4 gives the prediction of our model for the reactor mixing angle θ 13 . Notice that, in our search for fits, we have enforced the condition that all the observables be within their respective 3σ intervals displayed in the third column of table 1; this explains the blank areas in the lower part and in both sides of figure 4. One sees in that figure that our model predicts a very small θ 13 -sin 2 θ 13 is always smaller than one half the current best-fit values. Since the experimental indications for a non-zero θ 13 are still at an early stage, and the precise value of that parameter is still debatable, we do not consider this tension with the current bets-fit values to be too bad for our model. 10 The fact that figure 4 displays the atmospheric mixing angle as being far from its 'maximal' value 45
• is just a consequence of the fact that we enforce s 2 13 ≥ 0.001 on our fits; indeed, in our model θ 23 → 45
• as θ 13 → 0-our model is compatible with µ-τ interchange symmetry in the neutrino mass matrix-and a phenomenological lower limit on θ 13 implies in our model a lower limit on |θ 23 − 45
• |. Figure 5 is a scatter plot of |m |, but that cases with a normal neutrino mass spectrum tend to have a worse fit of θ 23 than those with an inverted spectrum. Figure 6 is the scatter plot of m 2 2 − m 2 1 against the solar mixing angle. In this case solutions with a normal neutrino mass spectrum are sometimes excellent at fitting the phenomenological θ 12 ; those with an inverted spectrum display some tension with the data, since they usually have θ 12 quite larger than its best-fit value.
We next turn to the low-mass neutral scalar which is an-indirectprediction of our model. We remind the reader that we have enforced on our points the condition that all scalars but one neutral one have mass larger than 100 GeV. Let m light denote the mass of the lightest physical neutral scalar. In figure 7 we have plotted m light . We see in that figure that m light < ∼ 25 GeV for a normal neutrino mass spectrum, but m light is much lower-5 GeV or less-in the case of an inverted neutrino mass spectrum.
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Let S light denote the light-scalar field; we write it as
where the r j and the i j are real and are normalized through
In the vertical axis of figure 7 we display the coupling of the low-mass scalar to Φ 4 . This is especially relevant since φ couples toᾱ L α R . Thus, if both r 4 and i 4 are small, then S light has suppressed couplings to the charged leptons and may become invisible. One notices in figure 7 that cases with a normal neutrino mass spectrum usually display both a larger m light and smaller r 4 and i 4 than cases with an inverted spectrum.
Moreover, in our model, just as in the Standard Model, the coupling of the neutral scalars to the charged leptons is suppressed by the charged-lepton mass, cf. equation (7) . Now, as seen in figure 8 , almost all our points have |v 4 | > ∼ 20 GeV. 12 Therefore, the coupling of φ 0 4 to eitherē L e R orμ L µ R is always extremely small.
A possible discovery channel of the light scalar would have been through the process e + e − → Z 0 S light at LEP. The LEP bound on this process only extends down to m light > ∼ 12 GeV, cf. table 14 of reference [13] . Another possible discovery channel for the light scalar would have been e + e − → Z * → S light S ′ , where S ′ is any neutral scalar heavier than S light -there are six possible S ′ in our model. In order to investigate these possibilities we have computed, for each of our points and for all seven physical scalars S i , the strengths of the couplings ZZS i and ZS i S j . We have compared those strengths with the data in tables 14 and 19 of reference [13] , which are the LEP bounds on e + e − → ZS i and on e + e − → S i S j , respectively, assuming that both S i and S j 11 If one wants to avoid a very-low-mass scalar, then one may add to the potential quadratic terms which break the A 4 symmetry softly [12] . It is possible to find a soft breaking that preserves v 2 = v 3 .
12 As a matter of fact, there are points for which |v 4 | = √ V 4 almost saturates equation (45).
decay exclusively into τ + τ − ; the second bound is effective for m i + m j < ∼ 200 GeV, the LEP kinematic limit. We have found that only a small percentage of our points (about 16% in the normal case, 10% in the inverted case) can be eliminated in this way. This is because, for most of our points, either the S i are much too heavy, thus kinematically evading the LEP bound, or the S i have much too small couplings (in many cases, zero for all practical purposes) to ZS j ; moreover, even when they are with the kinematic limits of LEP, the S i almost always have a minuscule coupling to ZZ. Remaking our plots by using only the points that have survived these tests, we have found that they look undistinguishable from the ones presented in figures 1-6. We remark that our tests are in all likelihood much too strict, since usually in our model the neutral scalars will not decay exclusively into τ + τ − . Our S light is not necessarily produced at the LHC through gauge-boson fusion, since it does not need to couple to the top quark-we remark that in this paper we have not specified the quark Yukawa couplings, which might even necessitate the addition to the model of extra Higgs doublets.
Summary
In this paper we have discovered that the A 4 -symmetric renormalizable scalar potential for an SU(2) × U(1) gauge theory with one A 4 triplet of Higgs doublets, together with one A 4 -invariant doublet, allows (local) minima for which two of the Higgs doublets in the A 4 triplet have equal VEVs. We have made use of such minima in a specific seesaw model with A 4 horizontal symmetry in the lepton sector. We have thus obtained a renormalizable model which makes the predictions (2) and (3) for the (effective) light-neutrino Majorana mass matrix M in the basis where the charged-lepton mass matrix is diagonal. We have shown that those predictions are compatible with the phenomenological data on neutrino masses and mixings, irrespective of whether the neutrino mass spectrum is normal or inverted. Remarkably, we have found that in all such cases the scalar potential turns out to lead to (at least) one very light neutral scalar, with mass not larger than 25 (5) GeV in the cases with normal (inverted) neutrino mass spectrum. 
